The stability of a rigid rotor supported on radial tilting pad journal bearings is analysed. This study has been tackled both for small unbalance values by linearising the equations of motion, and also in the case where, because of the high unbalance value, the rotor axis describes orbits with an amplitude such that the system's non-linearity cannot be ignored. In both cases the system's stable operation maps have been obtained and verified through numerical integration of the differential equations of motion.
INTRODUCTION
Tilting-pad journal bearings are widely used for supporting the rotors of turbomachines as they help prevent the occurrence of oil film instability phenomena that can be induced by high rotation speeds. Nevertheless, for the components in question, there are forms of instability that arise if the operating conditions, and the rotation speed in particular, exceed certain limits which should thus be regarded as thresholds of stable behaviour.
In the case of well-balanced rotors, the residual unbalance forces the journal to describe orbits that have a very small amplitude around the stationary equilibrium position and are synchronous with rotor speed. In these conditions, if the pads are arranged symmetrically to the direction of the static load and if the pads have a negligible mass compared to that of the journal, then the rotor bearing system is always stable.
If the pads have a mass that is not negligible compared to that of the rotor, a form of instability may arise whose threshold can be found by linearising the journal-pads system's equations of motion around the stationary equilibrium position.
The search for the real part of the eigenvalues of the non-conservative system with several degrees of freedom constituted by the journal, the pads and the linearised action of the oil film in the gaps, makes it possible to determine the stability threshold of the *Corresponding author. Tel.: 39-81-7683291. Fax: 39-81-2394165. 199 200 S. PAGANO et al. stationary equilibrium position for given geometrical and operating conditions.
The study is conducted on a linear system and the corresponding instability is thus indicated as "linear instability".
In the case of unbalanced rotors, the journal and the pads describe periodic motions with a non-negligible amplitude and the non-linearity of the system is thus important. Under these circumstances it will be necessary to investigate the stability, not of the stationary equilibrium position but of the motion (which is synchronous with the rotation speed) that the journal and the pads undergo as a result of the unbalance. In this case the instability arises even if the mass of the pads is negligible and it assumes the forms typical of systems with a non linear behaviour.
This instability is therefore indicated as "non linear instability" and it arises with the onset in the system motion of components having a frequency equal to an integer submultiple of that corresponding to the rotation speed, and with amplitudes that can be so large as to compromise the very operation of the system. The study of this form of instability is conducted using the methods of non linear analysis.
Hereafter both the linear and the non linear limit stability curves of the tilting pads-rotor bearing system are determined in an appropriate operating conditions plane. 
where Ti(x,y,X,,Ai,Ai) is the moment of the hydrodynamic force acting on the i-th pad with respect to the pivot of the same pad, and is equal to:
The direct numerical integration of the motion equations [Pagano et al. 1995] provides, for given geometrical and operating conditions, the trajectories of the orbital motion of the journal axis and the inclination of the pads around the pivots. This makes it possible to simulate the dynamic behavior of the system and thus to verify, case by case, the results of the stability analyses illustrated below. In the present paper, numerical integration has been performed using the fourth order Runge-Kutta method.
LINEAR STABILITY ANALYSIS
For balanced rotors, i.e. rotors subjected only to residual unbalance, the motion of the journals and the pads is periodic and is limited to around the stationary equilibrium position that the system assumes for the static load alone. The above equilibrium position is determined by solving the following system of equations [Pagano et al., 1994] :
which express the stationary equilibrium. Figures 3 and 4 respectively report the eccentricity of the journal and the inclination of the pads in the equilibrium conditions as the Sommerfeld number varies. The stability of these positions can be studied by linearising the equations of motion (6) Equations (9) are the linearised equations in the neighbourhood of the equilibrium position written in a reference originating in the point of stationary equilibrium.
The above position is stable if the real part of all the eigenvalues of system (9) are negative. Therefore, the limit stability conditions can be determined as the conditions for which an eigenvalue has a real part equal to zero as all the other eigenvalues have a negative real part. The imaginary part of the above eigenvalue will provide the oscillation frequency of the system at the instability threshold.
The present paper evaluates the stability of the synchronous motion that the journal and the pads undergo due to the unbalance.
For critical values of the operating parameters (M, o-, p), and thus of the rotation speed, the synchronous motion becomes unstable whereas a second order subsynchronous motion is stable [Brancati et al., 1995] . In these conditions, the journal describes an orbit characterised by a period that is double the one corresponding to the rotor's speed and by an amplitude greater than that of the synchronous motion, thus causing greater vibrations in the machine. As the speed increases, the period of motion is further doubled: then the system motion can become non periodic. In any case these motions are characterised by ever greater amplitudes and therefore, from a technical viewpoint, a "safe" operating threshold for the rotor bearing system coincides with the stability threshold of the synchronous solution.
The stability analysis proposed requires the synchronous solution of equations (6) to be determined in analytical form by particularising [Russo et al., 1993 ] (see Appendix A) a harmonic balance method [Nayfeh et al., 1979 --Szemplinska-Stupnicka, 1990 ], which provides the law of motion in the form: For unbalanced rotors, stability analysis is considerably more complex as the non linearity of the field of forces entails several solutions of the equations of motion (6) indicating the existence of several motions: periodic synchronous, subsynchronous, almost periodic, non periodic and even chaotic [Adams et al., 1994] , for each of which the stability should be evaluated.
Perturbing only the journal motion by means of the functions 8x('r) and 8y(r), and substituting the perturbed solution into the equations of motion (6) 
obtained through a Taylor series development of fx and fy starting from solution (10) and retaining only the linear terms. The proposed procedure is clearly approximated considering that only the journal motion has been disturbed to provide, instead of six equations (i.e. the same number as there are in system (6)), a system of variational equations made up of only two equations. This method clearly allows the calculation workload to be considerably reduced: the goodness of the results has been verified by integrating the complete system of the equations of motion (6) in the proximity of the stability threshold obtained using the above method.
In equations (11) (12) unstable (see Appendix B), it is possible to determine the stability threshold of the synchronous solution and, for the above reasons, of "safe" rotor operation.
LINEAR ANALYSIS RESULTS
For given values of the rotor mass parameter (Mo-), the limit stability curves of the stationary equilibrium position have been plotted in the plane o--Io-. In this plane the operating line [Holmes 1960 ], i.e. the locus of the points representing the operating conditions that have in common all the parameters except the rotor's speed, is a straight line with a slope of 2. The analysis has been conducted with reference to both the configuration with "load between pads" and "load on pads". Two different geometrical preload values have been considered; the angular extension of the pads /is equal to 80 and the offset has been set at 0.5. Figure 5 shows an example of the curves obtained using the proposed method. Analysis of the results confirms how, in the case of the symmetrical arrangement of the load with respect to the pads, the system is always stable if the moment of the pads' forces of inertia is negligible compared to the moment of the hydrodynamic force and, thus, if the pads' moment of inertia can be considered null.
The curves reported present a characteristic "jump" with a consequential sudden variation in the threshold value of the Io-parameter. The jump is due to the fact that as the Sommerfield number decreases, the journal's stationary equilibrium position shifts downwards: after a certain value of the upper pads are unloaded and system operation can be compared to that of a journal supported on a bearing with two tilting pads [Pagano et al. 1994] . The left-hand branch of the limit stability curves are thus characterised by this feature.
The characteristic trend of the limit stability curves has been analysed using the numerical simulation program described. With reference to the operating conditions identified by the operating points reported in the o--Io-plane in figure 6 , the system response for given initial conditions of the kinematics state is illustrated.
Points A and B, below the limit stability curve, are points of stable operation: the motion of the pads and the orbit described by the journal axis tend towards the stationary equilibrium position. Points C and D, on the other hand, are points of unstable operation and the motion of the journal axis and that of the pads tend to increase. The oscillographs of points C and D have been obtained by using, as initial conditions, the stationary equilibrium positions in the operating conditions represented by points A and B, respectively.
The results described not only confirm the validity of the stability curve but also show how, for points A and C, all the pads participate in the system motion while, for points B and D (left-hand branch of the curve) the upper pads are unloaded and therefore do not track the journal motion. In the case illustrated in figure 6 , pad 2 assumes the maximum inclination envisaged by the program while pad 1, which is subjected to a light load, tilts with a frequency that is different from that of the journal.
In these conditions, the upper pads may be subject to violent sub-synchronous self-excited vibrations [Adams et al. 1983] , and the resulting collisions between pad and journal destroy the pads' babbitt metal.
In order to load the upper pads in the bearing, the preload value has to be increased. With reference to into an unstable operating condition as point E is above the limit curve obtained for the new preload value. The same figure points out that for the system to be stable, the geometrical preload value m has to be further incremented (from m 0.55 to m 0.65), so that the operating point E is below the right-hand branch of the corresponding limit stability curve. Numerous other simulations of the same type, as those illustrated, have been performed in points near the limit stability curves, confirming their validity even for bearings with "load on pads".
NON LINEAR ANALYSIS RESULTS
In the case of the unbalanced rotor, the analysis of the stability of system motion coincides with the study of the stability of the synchronous solution of the equations of motion which must first be determined in analytical form. In the figure the solution is reported in the form of the orbital motion of the journal axis, with components x(T) and y(-), and of the oscillations of the pads; the trajectories obtained by numerical integration do not include the initial transient. As can be seen from the comparison, the approximated analytical solution with four harmonics, determined using the described method, is excellent.
The systematic study of the synchronous solutions thus determined made it possible to plot, in the oper- Comparison between calculated and predicted trajectories.
ating conditions plane or-Me, the limit stability curves of the above solutions and therefore to delimit the journal's stable field of operation. For given geometrical and operating conditions, the intersection of the operating line, which also in this plane is a straight line with a slope 2, with the limit stability curve indicates the threshold value for the speed above which motion is no longer synchronous but, initially, has a period that is doubled and a greater amplitude. Above this threshold it is possible to find solutions with a further doubled period, non periodic solutions and even chaotic motions. Clearly, from an engineering viewpoint, the limit curve determined using the proposed method is the most useful as it makes it possible to identify the operating speed at which the first form of instability arises. Figure 9 shows, as an example, one of the curves obtained for an unbalance value p 0.3 and for a geometrical preload m 0.35. Figure 10 shows the verification for the above curve carried out by numerically integrating the system's equations of motion for values of the parameters corresponding to the points indicated on the map. As can be seen in the figure, in the operating conditions relative to points (A, C) the system exhibits a synchronous behaviour, highlighted by the presence of one time-marker in the orbits; in the operating conditions identified by points above the threshold (B, D), the orbits are described with a period that is double that of the rotor's speed, as indicated by the presence of two time-markers per orbit.
CONCLUSIONS
This paper has analysed the stability of the system made up of a rigid rotor on radial bearings with four tilting pads, and has proposed a method for determining the stability limit curves both in the case of a balanced rotor, and hence for a system with linear behaviour, and in the case of an unbalanced rotor for which the non linearity of the field of forces assumes considerable importance. The results of linear analysis, which consists of determining limit stability curves, confirm the stability of the stationary equilibrium position of the journal-pads system for negligible pad inertia values compared to the journal mass.
For non-negligible pad inertia values, the system may become unstable and, in this case, it abandons the stationary equilibrium position and evolves in large amplitude trajectories that are incompatible with bearing operation. The system can be stabilised by incrementing the preload value. In the case of low Sommerfeld number values, incrementing the preload initially produces a condition of stability with the upper pads unloaded, followed by an unstable system condition with all the pads loaded and, finally, a stable system condition with all the pads loaded.
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